On the quenching behavior of the solution of a semilinear parabolic equation  by Guo, Jong-Shenq
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 151, 58-79 ( 1990) 
On the Quenching Behavior of the Solution 
of a Semilinear Parabolic Equation 
JONG-SHENQ Guo 
School of Mathematics, University of Minnesota, 
Minneapolis, Minnesota 55455 
Submitted by Murray H. Prorter 
Received March 20, 1989 
INTRODUCTION 
Consider the problem 
Uf - uxx =&/(1-U)” in QT=(-1, 1)x(0, T), 
u( + 1, t) = 0 if t 2 0, (0.1) 
4% 0) = uo(x) for 1x1 d 1, 
where /? > 0, E > 0, 0 6 u0 < 1, and uO( f 1) = 0. Hereafter the subscript x or 
t represents the partial derivative with respect to that variable. We say that 
u quenches if u reaches 1 in finite time. The quenching problem (0.1) has 
been studied by some authors (see, e.g., [ 1, 8, lo]). Recently, it has been 
shown in [lo] that for any /? > 0 there exists an E(B) > 0 such that u 
quenches at finite time T if E > E(B). We say that a is a quenching point for 
u if there exists a sequence {(x,, t,)} with x, + a and t,r T such that 
u(x,, t,) + 1 as n -+ co. Throughout this paper we assume that u quenches 
at finite time T, and that u0 is smooth and satisfies 
(0.2) 
i.e., U, 3 0 at t = 0, where ~0” is the second derivative of u0 with respect to 
X. 
By introducing the function 
1 
u=(1-u)’ 
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u satisfies 
v*-vu,,+2(vyv)-&v2+~=o in QT, 
v( + 1, t) = 1 if t BO, 
44 0) = h(X) for 1x1 d 1, 
where v,,(x) = l/(1 - uO(x))> 1. We observe, by the strong maximum 
principle, that v > 1 in QT. Also, for w  = vI, we have 
w,-w,,+(4v,/u)w,-[~(2+/l)v~+~+2(v.f-/~~)]~=0 inQT, 
w(x, 0) 2 0 if 1x1 < 1, by (0.2), 
w(&l,t)=O if t>O. 
By the strong maximum principle, we conclude that 
u,>o in QT. (0.3) 
We say that v blows up at time T if max,,, G 1 v(x, t) -+ CC as t 7 T and that 
a is a blow-up point for v if there exists a sequence {(x,, t,)} with x, --+ a 
and t,? T such that v(x,, t,) + 00 as II -+ 00 (see [4]). Note that u 
quenches at time T if and only if v blows up at time T; a is a quenching 
point for u if and only if c1 is a blow-up point for u. 
In this paper, we first prove that there are only finitely many quenching 
points for U. This is the subject of Section 1. In Section 2, we establish a 
uniqueness theorem for a nonlinear ordinary differential equation which is 
used in Section 3. Finally, in Section 3 we study the quenching rate of the 
solution u near a quenching point by using the method of [6]. 
1. FINITELY MANY QUENCHING POINTS 
Set 
+l, if b>O; 
sgn(b) = 0, if b=O; 
-1, if b < 0. 
LEMMA 1.1. For any UE [ - 1, 11, the limit 
f’r”T w(vx(ay t)) 
exists. 
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Proof We shall adopt the method used in [3]. Assume that 
a E ( - 1,O). For any T,, < T, we consider the function 
w(x, t) = u(x, t) - o(2a - x, t) 
in the rectangle R E (- 1, a) x (0, T,,). Then w  satisfies 
W,-wW,,+b~w,+b*W=O in R, 
w(-1, t)= 1 -v(2a+ 1, t)-CO for t > 0, 
w(u, t) = 0 for t>O, 
where b, and b, are bounded functions in R. Introduce the function 
W(y, t) = exp 
Then W satisfies 
w,- w,,+qw=o in R, 
W(-1, t)<O, W(a, t)=O for t > 0, 
for a suitably bounded function q(y, t). Define 
U(Y, t) = 
i 
WY? t), -1Qyd4 
- W(2a -Y, t), u<y<2u+l, 
and let 
Q( y, t) = q(y’ ‘)’ -l<ydu, 
q&J-Y, t), u<y<2u+l. 
Then U satisfies 
U,- U,,,,i-QU=O in (- 1, 2u + 1) x (0, T,), 
U(-l,l)<O, U(2u+ 1, t)>O for t>O, 
where Q is bounded. Denote by z(t) the number of zeros of U( ., t) in 
the interval [-1,2u+l], i.e., z(t)=#{y~[-1,2u+l]; U(y,t)=O}. 
Applying Theorem D from [2] (see also [ 121) we conclude that z(t) is 
nonincreasing in t and is finite for all 0 < t < To. Moreover, if there exists 
a point (y,, to) such that U(y,, to)= U,,(yO, to) =O, then z(ti) <z(t*) for 
all t, > to > t2. Since z(t)=2m(t)- 1, where m(t)= #(XE [-La]; 
w(x, t) = 0}, and T, is arbitrary, it follows that m(t) is also nonincreasing 
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in t and is finite for all 0 < t < T. Furthermore, if there exists a point 
(x,, to) such that w(x,,, to)= w,(xO, to) =O, then m(t,) <m(t,) for all 
t,>t,>t,. 
Suppose that the lemma is not true. Then u,(Q, t) changes sign infinitely 
many times as tT T. Since ~,(a, t) = 2o,(a, t), ~,(a, t) also changes sign 
infinitely many times as tt T. Then there exists a sequence t, + T as n -+ cc 
such that ~,(a, t,)=O, for all n. Since ~(a, t)=O, we have m(t,r) >m(t,+ ,) 
for all n, and therefore 
m(tl)= : Cm(ti)-m(t;+I)l +m(t,V+l) 
i=l 
for any N > 1. This implies that m(tl) = co, which is a contradiction. Hence 
the lemma is proved for the case UE (- LO). The proof for the case 
a fz (0, 1) is similar. 
For the case a = 0, we have 
WI-wW,+b,w,+b~W=O if (x, t)ERr(-1,0)x(0, T) 
w( - 1, t) = w(0, t) = 0 t > 0. 
Then we can apply Theorem C from [Z] directly and conclude that m(t) 
is nonincreasing in t and is finite for all 0 < t < T. Moreover, if there exists 
a point (x,,, to) E [- LO] x (0, T) such that w(x,, to) = w,(xO, to) = 0, then 
m(tl) < m(t,) for all t, > t, > t,. Proceeding as before, we conclude that the 
lemma is true for the case a = 0. In the case a = + 1, the lemma is trivial, 
since u,( - 1, t) > 0 and u,( 1, t) < 0. Hence the lemma is proved. 1 
LEMMA 1.2. There exists t* E (0, T) such that 
n(t)- #{UE[-1, l];u,(a, t)=O} 
is a constant 2 1 for all t 3 t*. Moreouer, there are C’ functions 
Sl(f), 1.1, s,(t)from [t*, T) to [- 1, l] such that 
s1(t) < ... <s,(t), 
{UC c-1, 11; ~,(a, t)=O} = {sl(t), . . . . s,(t)} for tat*, 
and the limit si = lim rtrSi(t) exists for all 1 <i<m, 
Proof: Let w  = u,. Then w  satisfies the equation 
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in Q,, where b1 =4uJu and b, = - [~(v,/u)~ + 42 + /3)v’+“]. Also, 
w( - 1, t) >O and ~(1, t) < 0 for all t > 0. Applying Theorem D from [Z] 
and arguing as in the proof of the previous lemma, we conclude that n(t) 
is finite and is nonincreasing in t for 0 < t < T. 
We argue by contradiction. Suppose that there is no such t”. Then we 
can find a sequene t, r T as n -+ CXI such that n(t,) > n(ti+ 1) for i= 1,2, . . . . 
Hence we obtain 
n(t1)= i Cn(ti)-n(t,+,)l+n(tN+,) 
i= 1 
>/N+n(t,+,) 
for any N $1. This implies that n( t, ) = co, which is a contradiction. Hence 
there are t* E (0, T) and a constant m such that n(t)=m for all t B t*. 
Consequently, for a given t > t* there exist a,, . . . . a, E [ - 1, 1 ] such that 
Applying the implicit function theorem, we obtain C’ functions sl(t), . . . . s,(t) 
from [t*, T) to C-1, 11 such that 
s1(t)< .'. <s,(t), 
{a~[-1, l];u,(a, t)=O}= {.sl(t),...,.s,(t)} for tat*. 
Furthermore, the limit, lim t t T si( t), exists for all i by Lemma 1.1. The proof 
is completed. m 
Remark 1.3. The limits si, 1 < id m, in Lemma 1.2 satisfy 
s, 6s,< ... ds, 
Two limits may be equal. For notational convenience we shall assume that 
they are distinct so that we have 
s, <s2< ... <sm. 
Lemma 1.4. sr> -1 u&s,< 1. 
Proof Since u,( - 1, t) > 0 for t E (0, T), we can choose two positive 
constants a and 6 so small that u,(x, 6) > 0 for all x E [ - 1, - I+ 2~1. For 
any b E (0, a) and To E (6, T), we consider the function 
w(x, t) = u(x, t) - u(26 - x, t) 
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in R = ( - 1, - 1 + 6) x (6, T,). Then w  satisfies 
Wt-wW,,+b~w,+b~W=O in R, 
where bl and bz are bounded in R. Also, w  G 0 on the parabolic boundary 
of R by our choice of 6. From the maximum principle it follows that w  < 0 
in R and 
2u,=w,>o on x=-1+6, d<t<T,. 
Since b and TO are arbitrary, we conclude that 
v,>o in (-1, -l+a)x(6, T). 
This proves that s1 > - 1. Similarly, we have s, < 1. 1 
LEMMA 1.5. v cannot blow up at x= f 1. 
Proof: Let 6 be an arbitrary fixed small positive constant. Comparing 
u with the solution w  of the problem 
wt-ww,*=o in (-&,1)x(6, co) 
w=o on x=&l 
w=u at t=6, 
we obtain 
U>W in [-l,l]x[&T) 
u,( - 1, t) 2 w,( - 1, t) for t E [S, T). 
Since u,( - 1, t) = a,( - 1, t) and there exists a positive constant c such that 
w,(-1, t)2c for all t 3 6, 
we conclude that 
v,( - 1, t) > c, Vt E [S, T). (1.1) 
Let a = ( - 1 + s,)/2. From Lemma 1.4 it follows that there exists a constant 
TO E (6, T) such that v, > 0 in [ - 1, a] x [TO, T) = R. Following [4], we 
consider the function 
J(x, t) = u,(x, t) - Yj&hd(X, t) 
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in R, where h(x) = a -x and q is a positive constant to be determined. By 
a simple computation, we obtain 
+ 2qEhv; + 4q&h’vv, + qEh”v2 
=b,J,+b,J+qc2/?hvB+3 in R, (1.2) 
for some functions b, and b,, where we used the identities 
v, = J + qchv2 
V xx = J, + 2q&huu, + qeh’v2, 
Also, from (1.1) it follows that J> 0 on the parabolic boundary of R if q 
is sufficiently small. Therefore, J>, 0 in R by the maximum principle. Hence 
we have 
$ >V&(U-x) in R. (1.3) 
V 
Integrating (1.3) from x E [ - 1, a/2] to a at time t E (r,, T), we get 
l/u(x, t) > ys(a - x)2/2 >, ysa2/8. 
This means that u is bounded in the set [ - 1, u/2] x (T,, T) and hence v 
cannot blow up at x = - 1. 
Similarly, we can show that v cannot blow up at x = 1 and the proof is 
completed. 1 
LEMMA 1.6. Let [a, b] be an interval c [ - 1, l]\ {sl, . . . . s,>. Zf there is 
a blow-up point c for v in (a, b), then 
fi,y u(x, t) = cc 
either for all XE (c, b] or for all XE [a, c). 
Proof. Choose T, so large that v, does not change sign in [a, b] x 
[T,, T). Suppose that u, > 0 in [a, b] x [T,,, T). If u blows up at c, 
then there exists a sequence {(x,, t,)} with x, + c and t, r T such that 
v(x,, t,) + cc as n + co. Without loss of generality we may assume that 
t, 2 TO. For any x E (c, b], there exists an n, such that x, Gx, Vn > n,. 
Hence u(x, t,) > v(x,, t,), Vn > n,. Therefore, we obtain 
v(x, tn) -+ a as n+co. 
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Since II, > 0 by (0.3), we conclude that 
liTi u(x, t) = co. 
Similarly, we can get lirntr T u(x, t) = cc for all XE [a, c) in the case 
v,<o. 1 
We now state the main theorem of this section. 
THEOREM 1.7. Under the assumption (0.2), there are only finitely many 
quenching points for u. 
This theorem follows from the following lemma. 
LEMMA 1.8. There is no blow-up point for u in [ - 1, 1 ] \ (sr , . . . . s, }. 
Proof: Sets,=-lands,+,= 1. Assume that there is a blow-up point 
c with si < c < si+ I for some iE (0, 1, . . . . m}. Set a = (si + c)/2 and 
b = (si+ r + c)/2. Then there is a To E (0, T) such that u, has a fixed sign in 
the rectangle R0 = [a, b] x CT,, T). Without loss of generality, we may 
assume that U, > 0 in RO. As in the proof of Lemma 1.5, we consider the 
function 
J(x, t) = u,(x, t) - q&h(x)u2(x, t) 
in the rectangle R = [d, b] x [T,, T), where h(x) = sin((x - d)n/(b - d)), 
dE (c, b), and q > 0 is a constant to be determined. By a simple computa- 
tion, 
+ 2r]&hv; + 4r]&h’vv, + q&h”02 
=b,J,+b,J+qEha’[pEvs+‘-(~)2] in R, (1.4) 
for some functions b, and 6,. By Lemma 1.6, we can find a T1 3 To such 
that if t 2 T,, then 
/?EoD+l> (b?(d) ( > 
2 
for all x E [d, b]. For this T, we can choose r] > 0 so small that J> 0 at 
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t = T,. Since J > 0 on x = d and x = b for t 2 T,, the maximum principle 
implies that J 2 0 in the rectangle [d, b] x [T, , T); i.e., 
in [d, b] x [T, , T). Integrating the last inequality from d to b at time t 2 T, 
we obtain 
Letting t t T, the left-hand side of (1.5) tends to 0, but the right-hand side 
of (1.5) remains positive. This is a contradiction. Hence the lemma is 
proved. [ 
2. THE ASSOCIATED ORDINARY DIFFERENTIAL EQUATION 
The following theorem is used in Section 3. 
THEOREM 2.1. Let f(w) = yw - EW-8, k = (s/y)?, y = l/(/3 + l), and B 2 3. 
Then the only global solution, w = w(y), of the equation 
w”-fyw’+f(w)=O, YER (2.1) 
which is greater than or equal to some positive constant c and which grows 
at most polynomially as 1 y[ + co, is w E k. 
Hereafter the prime represents the derivative with respect to the function 
variable. First, we prove: 
LEMMA 2.2. Suppose that w = w(y) is a global solution of (2.1) with 
w 2 c for some constant c > 0, and w grows at most polynomially as 1 yI + 0~). 
Then for any 6 > 0 we have 
PdYW(Y) + 0 as y+fal, 
where pa(y) = exp( - 6~‘). 
Proof For a given 6 > 0, 
(p6W’-asyp,w)‘= -paf(w)-usp,w + 2aPy2p,w 
1 
s 1, where a=--2. 26 
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Since Z is integrable over R and (abyypsw)(y) -+ 0 as y -+ co, we conclude 
that 
lim PS(Y)W’(Y) = l Y-m 
exists and 1 is finite. 
We claim that I= 0. Suppose that I# 0. If I< 0 then there exists a 
number y, such that 
W’(Y) G UPI ew(b2), VY >Yo. 
Hence w(y) c 0 if y is sufficiently large, a contradiction. On the other hand, 
if I> 0 then there exists a number y, such that 
W’(Y) > (W exp(b2h VY BY0 
Therefore, we obtain 
W(Y) 2 w(Y,) + UP) 1’ exrOy2) dy, 
YO 
which is again a contradiction. Consequently, I must be equal to zero. 
The case for y -+ - co is similar. 1 
Next, we prove the following identity of Pohozaev’s type (cf. [6]). 
LEMMA 2.3. Under the hypotheses of Lemma 2.2, we have 
Y* P(Y)w’(Y)~ dy=O, ] (2.2) 
where p(y) = exp( - y2/4). 
ProoJ We rewrite Eq. (2.1) as 
(pw’)‘+pf(w)=O, -co<y<co. 
Set G= ip(w’)‘-pF(w), where F(w) = (~/2)w*+ (s/(/I-- 1))~‘~~. For any 
C’ functions a and h we have the identity 
[hG - (aw + hw’)G,]’ = h’G + hG, - (a’w + h’w’)G, 
- ~PG, + wG,v), (2.3) 
where G, = BG/aw’, G, = aGfaw, and G, = aG/dy. Introduce the functions 
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a(~)=~*-2 and h(y)=2(8-1)y and integrate the identity (2.3) from 
-R to R to get 
= [hG-(aw+hw’)G,](R)- [hG-(aw+hw’)G,](-R). (2.4) 
Integrating the last integral in the left-hand side of (2.4) by parts gives 
-s R pa’ww’ dy -R 
=,~R(~-;y2),w2dy-[~pafw2](R)+[;pu~w2](-R). (2.5) 
If we let R -+ cc and apply Lemma 2.2, then the lemma follows from (2.4) 
and (2.5). 1 
Proof of Theorem 2.1. Since the integrand in (2.2) is nonnegative, 
w’ = 0 and the theorem follows. [ 
3. QUENCHING RATE 
In this section we shall study the quenching rate of the solution u at any 
quenching point. First, we prove an a priori estimate. 
LEMMA 3.1. We have the estimate 
1 
v(x, t)<B(T-t)--Y, - 
y=fl+l’ 
for 1x1 < 1, 0 < t < T, for some positive constant B. 
Proof: Recall (0.3) and Lemma 1.4. Choose 6 > 0 so that 6 < 4 min(s, + 1, 
1 -s,). Then there is a positive constant Co such that v, 2 Co on the 
parabolic boundary of Q6 E {(x, t); 1x1 < 1 - 6, 6 < t < T}. Following [4], 
we consider the function 
J=vI-r/vZfp in Qa, 
where r] > 0 is a constant so small that J > 0 on the parabolic boundary of 
Q,. By a simple computation, 
J,-J,,+b,J,+b2J=~B(B+l)vSuf 
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for some functions 6, and bZ. Therefore, the maximum principle implies 
that J > 0 in Q,. Hence we have 
0, 
-23 V2fP in Q,. 
It follows that 
and then 
u(x, t)< ; 0 ?(T-t)-i. 
in Qs. Since u is bounded in the set QT\Qs by Lemma 1.8, we conclude 
that (3.1) holds in Q, for some constant B. [ 
The proof of the following lemma is essentially the same as Proposition 1 
in [6]. For the reader’s convenience we present its proof here. 
LEMMA 3.2. There exists a positive constant A4 such that 
Iu,(x, t)l <M(T- t)-(Y+1’2) 
Iu,,(x, t)l < M( T- t)-(?+ ‘) (3.2) 
Iut(x, t)l <II~(T-~)-‘~+‘) 
for (xl < 1, O<t< T. 
Proof: Let &,=~min(sr+l, l-s,) and let S,=(-1, 1)x(0, T-r]), 
where q is a constant such that 0 < q < Td$2. Because u is bounded in S, 
and u satisfies the equation 
24, - u,, = &VP in QT, 
by Lp estimates (cf. [9]) 
1.i (Iu,lp+Iu,Ip+lu,,lp)~xdt6c, % 
where C= C(p, E, 8, B, 17) is a constant and 1 <p < 00. The Sobolev 
inequality and the Schauder estimate (cf. [S] ) imply that u E C* + ‘( S,,) for 
some a E (0,l) and 
IUtlr IKCI? I%A G c in S,, (3.3) 
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where C = C(E, /I, B, ‘I) is a constant. Since u, = u,/( 1 - u)‘, u, = uX/( 1 - u)‘, 
and v,,= u,,/( 1 - u):’ - 224:/( 1 - u)~, from (3.3) and the boundedness of u 
it follows that 
b,l> bxlr I~,,1 GK in S, (3.4) 
for some constant K = K(E, /I, B, q). 
Foranypoint (X,~)E&~\S~, whereR,,={jxl<l-&,O<t<T},let 
V(y, s) = 12yu(X + Ay, T- A2(T-s)), 
where A= ,,/2( T- i)/T. Then V satisfies the equation 
V,- V,+2&2+” 
in a domain D containing QT. Also, by (3.1), V satisfies the estimate 
V(y,s)<B(T-s)-?. 
Since V satisfies the same equation and the same estimate as u, we conclude 
from (3.4) that 
I~sl, WyL Wyyl GK at the point (0, T- T/2), 
or 
Iu,(X, i)l <K1(T-t)-(Y+“2), 
Iv&, ?)I <K,(T-t)-(Y+l), 
Iu,(X, 7)l <K,(T-t)-‘Y+l), 
where K, = K2-(“+ ‘12). Since u is bounded outside Rg,, by Lemma 1.8, (3.2) 
holds in QT for some positive constant M. i 
Given any a E ( - 1, 1 ), set y = (x - a)/-, s = -ln( T- t), and 
zI1(y, s) = u(x, t)( T- t)‘. Then Z“ satisfies the equation 
z,-z,+$z,+2 
Z2 
‘+yz-&Z 2+L3=0 (3.5) 
Z 
in the set W={(y,s);lyexp(-s/2)+al<l, sa-1nT). In the sequel we 
shall often supress the superscript a if there is no danger of ambiguity. 
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COROLLARY 3.3. We have 
exp( - ys) G z < B in W, 
lzyl GM lzyyl GM, Iz,I <M(l ++ lyl)+yB in W, 
where B is the constant in Lemma 3.1 and A4 is the constant in Lemma 3.2. 
The following lemma is similar to a result in [4]. 
LEMMA 3.4. Suppose that /I > 1. Let u(t) = max,,, $ 1 u(x, t). Then there 
is a constant t,, E (0, T) such that for any t * E (to, T) we have 
$4; d H(u) in Q,, = {(x, t); I4 < 1, t < t*>, 
where 
1 
H(u)=p-1 [ (l--u(;*))B-l-(&l . 1 
Proof: Since u(t) --t 1 as t 1 T, we can find a constant t, E (0, T) such 
that 
1 1 
4(x)=p~w-~Bl 
[ 
(l~u~,))B~l-(l~u~~x))BI G-1, 1 
VXE [-l,l]. 
Let t, E (to, T) be a fixed constant and let 
J(x, t) = $4; -H(u). 
By a simple computation, 
Note that J< 0 if u, = 0. Since 
we have 
Jx=w,,+f$, 
&=$ if u, #O. 
x 
(3.6) 
(3.7) 
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By (3.6) and (3.7), we obtain 
J, -J,, + bJ, 6 0 if u,#O, (3.8) 
where b = -~E/[u,( 1 - u)“]. Since u(t) is strictly increasing in t by (0.3) 
we have 
J(x, 0) <d(x) 6 - 1, VXE[-l,l]. 
For any t, < t,, let Q, = (- 1, 1) x (0, tl). By (0.3) there exists a positive 
constant 6 such that H(u)26 in Q,. If G-Q, n {J>O) is not empty, then 
u;/2 > H(u) 2 6 in G. 
Hence b is bounded in G. Since u,( + 1, t) = 0, we have 
Hence J cannot take positive maximum on 1x1 = 1. It follows from (3.8) 
and the maximum principle that JdO in G. This is a contradiction and 
hence G must be empty. Since t, is arbitrary, we conclude that J< 0 in Q,, . 
Hence the lemma follows. [ 
COROLLARY 3.5. Suppose that /I > 1. Then there is a constant L depending 
only on B and 8, such that 
z,j<L 
z= ’ in W. 
ProoJ By Lemmas 3.1 and 3.4, 
+u;(x, t) < C(T- t)--(Bp’)y, 
where C is a positive constant depending only on B and p. Then the lemma 
follows from the identities 
y= 1(1/z),[ = Iu,I (T- t)‘12pY. 1 
Remark 3.6. Note that the constant L in Corollary 3.5 is independent 
of ae(-1, 1). Let w(y,s)=l/z(y,s)=[l-u(x,t)](T-t)-Y. Then w  
satisfies 
w.7 - (w., - $yw,+yw--w-q=0 in W. (3.9) 
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By Corollary 3.5 lw,,l 6 L in W and hence 
B-‘~w(Y*,s)dw(Y,,s)+L IYz-Y,l (3.10) 
for any (y,, s)E W, i= 1,2. 
In order to obtain the quenching rate of the solution u at any quenching 
point we need the following nondegeneracy lemma which is due to Giga 
and Kohn [7]. For completeness, we present its proof here. 
LEMMA 3.7. There exists a positive constant q such that if 
Cv(x, t)(T- tY1 d v 
for all (x, t) E ((x, t); Ix-al < 6, T- 6 < t < T), then a is not a blow-up 
point for v, where a E (- 1, 1) and 6 is an arbitrary constant with 0 < 6 < 
min(T, a+ 1, 1 -a). 
Proof: Without loss of generality we may assume that a = 0, T = 0, and 
6 = 1. Let 4 be a cut-off function in the interval ( - 1, 1) such that 0 6 4 < 1 
in ( - 1, 1) and 4 = 1 in ( -i, 5). We consider the function 
4x5 t) = 4x, tM(x), 
Then we have 
Recall the properties of the fundamental solution of heat equation, 
s O” Z-(x, t; 5, z) dt = 1, -m 
Since 
w(x, 1) = Ja w(t, - 1 )flx, t; 5, - 1) d5 
-cc 
+j’ j- Cw,-w,,lT(x,t;5,5)d5d~, -I -co 
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we have, be setting M(t) = maxXER w(x, t), 
Therefore, 
M(t)<C,+C,j’ (-z)-‘M(T)dT 
-1 
for some constants C, and C,, where 0 < C, < cc and C, = syl’ +B. From 
the last inequality and the Gronwall inequality it follows that 
M(t) 6 C,( -qC2. 
Choose q > 0 so that C, < y. Hence 
u(x, t)<C,(-t)p in (-$,4)x(-1,O). 
Now, let b1 be a cut-off function in the interval (- 4, f) such that 0 < dI d 1 
in ( - f, 1) and d1 = 1 in (-a, a). As before, we consider the function 
w,(x, f) = 4% f)$l(X), 
and denote 
M,(t) = max w,(x, t). 
i E R 
Then a similar computation gives 
M,(f)<C,fC,J’ (-T)-aM1(T)dT, --I 
where C3, Cq, and a are constants such that 0 < C3 < co, C4 = EC:+~, and 
c( = C,( 1 + /?). Note that c( < 1. By the Gronwall inequality, we obtain 
M,(t)<C,+C,exp{C,[l-(-t)lP”]/(l-cr)}<co. 
Hence u is bounded in (-a, i) x (- 1,O) and 0 is not a blow-up point for 
0. [ 
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From Lemma 3.7, we can deduce the following lemma by the same 
argument as in [ 111. 
LEMMA 3.8. Let a E ( - 1, 1). Zf z”(y, s) -+ 0 as s + co uniformly in 
( yl < C < co for any constant C, then a is not a blow-up point for v. 
For any bE(-1,l) and s3 -In T, let 
Jwl(4 = f y* P(Y) 
Yl 
-- 
/A : s P(Y)(z~)‘-’ (Y> s)dy, (3.11) 
where Y 1 = y,(b, s) = ( - 1 - b) exp(s/2) and y, = y,(b, s) = (1 - b) exp(s/2). 
Remark 3.9. Since 
E[z6](s) is continuous in b for any fixed s. 
Proof of Lemma 3.8. Let cr be a positive constant such that 20 < 
min(a + 1, 1 -a). Let K be a large positive constant to be determined. By 
Corollaries 3.3 and 3.5 the first and third integrals in (3.11) are uniformly 
bounded, say by K,, for any be [ - 1, 11. Therefore, E[z”](s) + -cc as 
s + co, since the second integral in (3.11) for b being replaced by a tends 
to infinity as s -+ co by assumption. Then there exists a constant S= S(K) 2 
-In T such that 
E[z”](S) < -4K. 
By Remark 3.9 there is a constant 6 E (0, a) depending on K such that 
E[zb](3) < - 3K if [b-al ~6. (3.12) 
Multiplying Eq. (3.5) by p( y)z-“( y, s)z,( y, s) and integrating from y, to y, 
at time s, after an integration by parts, we get 
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where J(b, s) is given by 
+;Po’l) (zb)2;j,, s)-2(T: 1) dY2)(zb)“-’ (Y2, s) 
+w- 1) 
AP(Y1)(zbY (Yl, s) 
+ p(y ) (4(Y2? ww2, s) -p(y ) (z;)(YlT d(Z%)(Yl, s) 
2 
(z”)” (Y2, J) 
1 
(zbJ4 (Yl 2 3) . 
Note that 1 y,(b, s)j 2 CJ exp(s/2), i= 1, 2, for b E (- 1 + 0, 1 - cr). Hence 
from Corollaries 3.3 and 3.5 it follows that J(b, s) is integrable over 
(-lnT,co)foranybE(-l+g, 1-a).Let 
K,= sup s m IJ(b, s)l ds. 
bt(-l+o,l--a) -InT 
Then from (3.12) and (3.13) it follows that 
E[zb](s) 6 -2K if lb-al ~6, s>S, (3.14) 
provided that K> K,. If K> K,, then we obtain from (3.11) and (3.14) 
Y 
2 I 
yz(hsf dy 
P(Zb)22K if lb-al ~6, $25 (3.15) 
yl(b,s) 
Since (l/zb( y, s))~ 6 2[L2 / y12 + (l/z’(O, s))‘] by Corollary 3.5, we obtain 
from (3.15) 
zb(O, s) G &Jzi for lb-al ~6, $25, (3.16) 
K> 2yL2 j- y*p(y) dy. 
-00 
Recall that ~~(0, s) = o(b, t)(T- t)‘. Then from (3.16) and Lemma 3.7 the 
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lemma follows, if we choose K so large that K satisfies all the restrictions 
above and that 
where q is the constant in Lemma 3.7. 1 
We now state the main theorem of this section. 
THEOREM 3.10. Under the assumption (0.2), for any quenching point a, 
E ’ 
hi [l-U(X, t)](T-1)-Y= ; 
0 
uniformly for (x - a[ < C JT-l f or any constant C provided that D > 3. 
Proof: The proof is similar to the proof of Proposition 7 in [6]. Let 
{.sj} be a sequence with sj --, co. Without loss of generality we may assume 
that a = 0 and sj+ I -sj-+ co as j--+ co. We define 
zj(Y, s, = z(Y3 s + sj) 
for all j2 1 and (y, s) E B’. Choose S> -In T such that the set {(y, s); 
I y] Gs, s 2 S} is contained in W. By Corollary 3.3 and the Arzela-Ascoli 
theorem, there is a subsequence {j,,,} such that 
zjm(Y7 s, + za3(Y~ s, as m-+co (3.17) 
uniformly in compact subsets of W. Also, by a diagonal process, we have 
a subsequence (j,} of ( jm} such that 
zj,,.v(Y3 m) + zm,y(Y3 m)~ as 1+x1 (3.18) 
for almost all y and for all integers m. Without loss of generality we may 
assume that (3.17) and (3.18) are true for the full sequence. Multiplying 
Eq. (3.5) by 
we obtain 
P(YW”(YT s) Z,(Y, s), 
zI+yP~-E~Z”-2Z,=o. 
” z* 
(3.19) 
409’151.‘1-6 
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Integrating Eq. (3.19) from -R to R at time s, after an integration by 
parts, we obtain 
s R - p< dy=[;Rps($)J dy-(p 9) (R,s) ..R z 
(--R,s)+~j.~ p>dy 
-R 
--E PZ B- 2z,, dy. 
Define the energy of z over (-R, R) by 
Using (3.20) and setting R(s) = s, we obtain 
$E,lz](s)= -1’ p$dy+J(s), 
-s z 
(3.20) 
(3.21) 
where 
-~p(s)[z~~~(s,s)+z~-I(-s,s)] 
B-1 
+p(s) 
[ 
ZJS, sb,(s, s) _ zy( -s, sb,( -s, s) 
z4(s, 3) 24(-s, s) 1 . (3.22) 
Set w, = l/z,. From (3.10), we conclude that either w, - co or w, < GO 
in R2. Hence we obtain that either z, = 0 or z, > 0 in R*. The case z, = 0 
is ruled out by Lemma 3.8, and we conclude that z, > 0. Therefore, by 
(3.10), we obtain 
B~‘dw,d(c,+c21yl) or B3z, a (c, +c, Ivl)-’ (3.23) 
for some positive constants c, and c2. By (3.23) and Corollaries 3.3 and 3.5, 
J(s) is integrable over (S, co) and E,[z,](m) is well-defined for any 
integer m. Proceeding as in the proof of Proposition 7 in [6], and using 
THE QUENCHING PROBLEM 79 
(3.21) and (3.22), we obtain that z, is independent of s and satisfies the 
equation 
1 I2 z”--yz~-21--yz+Ez2+B=0 
2 
in R. 
Z 
Hence w, satisfies the equation 
w”-$yw’+yw-&W-P=o, PER. 
From (3.23) and Theorem 2.1 it follows that w, = (E/Y)~. Since this asser- 
tion is independent of the choice of (sj}, the theorem follows. 1 
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